We implement fully the algebraic Bethe ansatz for the XXX Heisenberg spin chain in the case when both boundary matrices can be brought to the upper-triangular form. We define the Bethe vectors which yield the strikingly simple expression for the off shell action of the transfer matrix, deriving the spectrum and the corresponding Bethe equations. We explore further these results by obtaining the off shell action of the generating function of the Gaudin Hamiltonians on the Bethe vectors through the so-called quasi-classical
I Introduction
The quantum inverse scattering method (QISM) is an approach to construct and solve quantum integrable systems [1, 2, 3] . In the framework of the QISM the algebraic Bethe ansatz (ABA) is a powerful algebraic tool, which yields the spectrum and corresponding eigenstates for which highest weight type representations are relevant, like for example quantum spin systems, Gaudin models, etc. In particular, the Heisenberg spin chain [4] , with periodic boundary conditions, has been studied by the algebraic Bethe ansatz [1, 3] , including the question of completeness and simplicity of the spectrum [5] .
A way to introduce non-periodic boundary conditions compatible with the integrability of the quantum systems solvable by the quantum inverse scattering method was developed in [6] . The boundary conditions at the left and right sites of the system are expressed in the left and right reflection matrices. The compatibility condition between the bulk and the boundary of the system takes the form of the so-called reflection equation. The compatibility at the right site of the model is expressed by the dual reflection equation. The matrix form of the exchange relations between the entries of the Sklyanin monodromy matrix are analogous to the reflection equation. Together with the dual reflection equation they yield the commutativity of the open transfer matrix [6, 7, 8] .
There is a renewed interest in applying the algebraic Bethe ansatz to the open XXX chain with non-periodic boundary conditions compatible with the integrability of the systems [9, 10, 11, 12] . Other approaches include the ABA based on the functional relation between the eigenvalues of the transfer matrix and the quantum determinant and the associated T-Q relation [13] , functional relations for the eigenvalues of the transfer matrix based on fusion hierarchy [14] and the Vertex-IRF correspondence [15] . For a review of the coordinate Bethe ansatz for non-diagonal boundaries see [16] . However, we will focus on the case when system admits the so-called pseudo-vacuum, or the reference state [6, 9, 10, 11, 12] . In his seminal work on boundary conditions in quantum integrable models Sklyanin has studied the XXZ spin chain with diagonal boundaries [6] . The next relevant step was the study of the sℓ(n) spin chain in the case when reflection matrices can be brought into the diagonal form by a suitable similarity transformation which leaves the R-matrix invariant and it is independent of the spectral parameter [17, 18] . These results were then generalized to the case of the spin-s XXX chain when there exists a basis in which one reflection matrix is triangular and the other one is diagonal [9] . Recent studies are focused on the XXX chain when both K-matrices can be simultaneously brought to a triangular form by a single similarity matrix which is independent of the spectral parameter [10] and similarly for the XXZ chain [12] . Although the on shell Bethe ansatz is realized, the proposed Bethe vectors are not suitable for the off shell ABA. The case when the reflection matrix K − (λ) is diagonal and K + (λ) is a two-by-two matrix with non-zero entries was studied in [11] .
This work is centred on the implementation of the algebraic Bethe ansatz which yields the off shell action of the transfer matrix the XXX Heisenberg spin chain when the I INTRODUCTION corresponding K-matrices are triangularizable. The Bethe vectors Ψ M (µ 1 , µ 2 , . . . , µ M ) we define here are such that they make the off shell action of the transfer matrix strikingly simple since it almost coincides with the corresponding action in the case when the two boundary matrices are diagonal. The Bethe vectors Ψ M (µ 1 , µ 2 , . . . , µ M ), for an arbitrary positive integer M, are defined explicitly as some polynomial functions of the creation operators. As expected, the off shell action yields the spectrum of the transfer matrix and the corresponding Bethe equations. To explore further these results we use the so-called quasi-classical limit and obtain the off shell action of the generating function of the Gaudin Hamiltonians, with boundary terms, on the corresponding Bethe vectors.
A model of interacting spins in a chain was first considered by Gaudin [19, 20] . In his approach, these models were introduced as a quasi-classical limit of the integrable quantum chains. The Gaudin models were extended to any simple Lie algebra, with arbitrary irreducible representation at each site of the chain [20] . Sklyanin studied the rational sℓ(2) model in the framework of the quantum inverse scattering method using the sℓ(2) invariant classical r-matrix [21] . A generalization of these results to all cases when skew-symmetric r-matrix satisfies the classical Yang-Baxter equation [22] was relatively straightforward [23, 24] . Therefore, considerable attention has been devoted to Gaudin models corresponding to the the classical r-matrices of simple Lie algebras [25, 26, 27] and Lie superalgebras [28, 29, 30, 31, 32] .
Hikami showed how the quasi-classical expansion of the transfer matrix, calculated at the special values of the spectral parameter, yields the Gaudin Hamiltonians in the case of non-periodic boundary conditions [33] . Then the ABA was applied to open Gaudin model in the context of the the Vertex-IRF correspondence [34, 35, 36] . Also, results were obtained for the open Gaudin models based on Lie superalgebras [37] . An approach to study the open Gaudin models based on the classical reflection equation [38] and the non-unitary r-matrices was developed recently, see [39, 40] and the references therein. For a recent review of the open Gaudin model see [41] .
In [42] we have derived the generating function of the Gaudin Hamiltonians with boundary terms following Sklyanin's approach in the periodic case [21] . Our derivation is based on the quasi-classical expansion of the linear combination of the transfer matrix of the XXX chain and the central element, the so-called Sklyanin determinant. Here we use this result with the objective to derive the off shell action of the generating function of the Gaudin Hamiltonians. As we will show below, the quasi-classical expansion of the Bethe vectors we have defined for he XXX Heisenberg spin chain yields the Bethe vectors of the corresponding Gaudin model. The significance of these Bethe vectors is in the striking simplicity of the formulae of the off shell action of the generating function of the Gaudin Hamiltonians. This paper is organized as follows. In Section 2 we review the SL(2)-invariant Yang R-matrix and provide fundamental tools for the study of the inhomogeneous XXX Heisenberg spin chain. The general solutions of the reflection equation and the dual reflection equation are given in Section 3 as well as the triangularization of these K-matrices, when the corresponding parameters obey an extra identity. In Section 4 we expose the Sklyanin approach to the inhomogeneous XXX Heisenberg spin chain with non-periodic boundary conditions. The implementation of the ABA, as one of the main results of the paper, is presented in Section 5, including the definition of the Bethe vectors and the formulae of the off shell action of the transfer matrix. Corresponding Gaudin model and the respective implementation of the ABA are given in Section 6. Our conclusions are presented in the Section 7. Finally, in Appendix A are given some basic definitions for the convenience of the reader and in Appendix B are given commutation relations relations relevant for the implementation of the ABA in Section 5.
II Inhomogeneous Heisenberg spin chain
The XXX Heisenberg spin chain is related to the Yangian Y (sℓ(2)) (see [43] ) and the
where λ is a spectral parameter, η is a quasi-classical parameter. We use ½ for the identity operator and P for the permutation in C 2 ⊗ C 2 . The Yang R-matrix satisfies the Yang-Baxter equation [44, 45] in the space
we suppress the dependence on the quasi-classical parameter η and use the standard notation of the QISM to denote spaces V j , j = 1, 2, 3 on which corresponding R-matrices R ij , ij = 12, 13, 23 act non-trivially [1, 2, 3] . In the present case
The Yang R-matrix also satisfies other relevant properties such as
where t 2 denotes the transpose in the second space and the entries of the two-by-two
Here we study the inhomogeneous XXX spin chain with N sites, characterised by the local space V m = C 2s+1 and inhomogeneous parameter α m . The Hilbert space of the system is
Following [21] we introduce the Lax operator
Notice that L(λ) is a two-by-two matrix in the auxiliary space
where s m is the value of spin in the space V m . When the quantum space is also a spin 1 2 representation, the Lax operator becomes the R-matrix,
Due to the commutation relations (A.1), it is straightforward to check that the Lax operator satisfies the RLL-relations
The so-called monodromy matrix
is used to describe the system. For simplicity we have omitted the dependence on the quasi-classical parameter η and the inhomogeneous parameters {α j , j = 1, . . . , N}. Notice that T(λ) is a two-by-two matrix acting in the auxiliary space V 0 = C 2 , whose entries are operators acting in H
From RLL-relations (II.6) it follows that the monodromy matrix satisfies the RTT-relations
The RTT-relations define the commutation relations for the entries of the monodromy matrix. In every V m = C 2s+1 there exists a vector ω m ∈ V m such that
We define a vector Ω + to be
From the definitions above it is straightforward to obtain the action of the entries of the monodromy matrix (II.8) on the vector Ω +
To construct integrable spin chains with non-periodic boundary condition, we will follow Sklyanin's approach [6] . Accordingly, before defining the essential operators and corresponding algebraic structure, in the next section we will introduce the relevant boundary K-matrices.
III Reflection equation
A way to introduce non-periodic boundary conditions which are compatible with the integrability of the bulk model, was developed in [6] . Boundary conditions on the left and right sites of the system are encoded in the left and right reflection matrices K − and K + . The compatibility condition between the bulk and the boundary of the system takes the form of the so-called reflection equation. It is written in the following form for the left reflection matrix acting on the space C 2 at the first site
Due to the properties of the Yang R-matrix the dual reflection equation can be presented in the following form
(III.2) One can then verify that the mapping
is a bijection between solutions of the reflection equation and the dual reflection equation. After substitution of (III.3) into the dual reflection equation (III.2) one gets the reflection equation (III.1) with shifted arguments. The general, spectral parameter dependent, solutions of the reflection equation (III.1) and the dual reflection equation (III.2) can be written as follows [46, 47] 
We notice that the matrix K − (λ) (III.4) has at most two distinct eigenvalues
when ν − = 0. Then, for ψ − = 0, there exists a matrix
such that
A similar diagonalization exists when φ − = 0. However, for ν − = 0, i.e. φ − ψ − = −1, the matrix K − (λ) cannot be diagonalized and
where
(III.10)
Following [10] we notice the condition
has to be imposed on the parameters of K ∓ so that the matrices (III.4) and (III.5) are upper triangularizable by a single similarity matrix M. When the square root with the negative sign is taken on the right-hand-side of (III.11) then one possible choice for M is given by
Evidently this matrix does not depend on the spectral parameter λ and it is such that
with ψ − = φ − + ψ − , ν + = 1 + φ + ψ + and ψ + = φ + + ψ + . An analogous choice for M exists for the other sign of the square root in (III.11).
In order to develop the formalism necessary to describe an integrable spin chain with non-periodic boundary condition, we use the Sklyanin approach [6] . The main tool in this framework is the corresponding monodromy matrix
it consists of the matrix T(λ) (II.7), a reflection matrix K − (λ) (III.13) and the matrix
It is important to notice that the identity (II.5) can be rewritten in the form
It follows from the equation above and the RLL-relations (II.6) that the RTT-relations (II.9) can be recast as follows
Using the RTT-relations (II.9), (IV.4), (IV.5) and the reflection equation (III.1) it is straightforward to show that the exchange relations of the monodromy matrix
using the notation of [6] . From the equation above we can read off the commutation relations of the entries of the monodromy matrix
Following Sklyanin [6] (see also [10] ) we introduce the operator
The relevant commutation relations are given in the appendix B.
The exchange relations (IV.6) admit a central element, the so-called Sklyanin determinant,
The element ∆ [T (λ)] can be expressed in form
The open chain transfer matrix is given by the trace of the monodromy T (λ) over the auxiliary space V 0 with an extra reflection matrix K + (λ) [6] ,
The reflection matrix K + (λ) (III.14) is the corresponding solution of the dual reflection equation (III.2). The commutativity of the transfer matrix for different values of the spectral parameter
is guaranteed by the dual reflection equation (III.2) and the exchange relations (IV.6) of the monodromy matrix T (λ) [6] .
V Algebraic Bethe Ansatz
In [10] it was shown that the most general case in which the algebraic Bethe ansatz can be fully implemented is when both K-matrices have upper-triangular from (III.13) and (III.14). The main aim of this section is to define the Bethe vectors as to obtain the most simplest formulae for the off shell action of the transfer matrix of the spin chain on these Bethe vectors. The first step in this direction is to get the expressions of the entries of the monodromy matrix T (λ) in terms of the corresponding ones of the monodromies T(λ) and T(λ). According to definition of the monodromy matrix (IV.1) we have
(V.1) From the equation above, using (IV.2) and the RTT-relations (IV.4), we obtain
With the aim of obtaining the action of the operators A(λ), D(λ) and C(λ) on the vector Ω + (II.11) we first observe that the action of the operators
follows directly from the definition (IV.2). Using the relations (V.2)-(V.5) and the formulas (II.12)-(II.14) and (V.6)-(V.8) we derive
In what follows we will use the fact that Ω + is an eigenvector of the operator D(λ)
The transfer matrix of the inhomogeneous XXX chain (IV.11) with the triangular Kmatrix (III.14) can be expressed using Sklyanin's D(λ) operator (IV.8) [10] 
with
(V.15) Evidently the vector Ω + (II.11) is an eigenvector of the transfer matrix
For simplicity we have suppressed the dependence of the eigenvalue Λ 0 (λ) on the boundary parameters ξ + and ν + as well as the quasi-classical parameter η.
We proceed to define the Bethe vectors Ψ M (µ 1 , µ 2 , . . . , µ M ) as to make the off shell action of t(λ) on them as simple as possible. Before discussing Ψ M (µ 1 , µ 2 , . . . , µ M ), for arbitrary positive integer M, we will give explicitly first four Bethe vectors as well as the corresponding formulae for the off shell action of the transfer matrix. To this end, our next step is to show that
is a Bethe vector, if b 1 (µ) is chosen to be
A straightforward calculation, using the relations (B.2), (B.3) and (B.4), shows that off shell action of the transfer matrix (V.14) on Ψ 1 (µ) is given by
where the eigenvalue Λ 1 (λ, µ) is given by
(V.20) Evidently Λ 1 (λ, µ) depends also on boundary parameters ξ + , ν + and the quasi-classical parameter η, but these parameters are omitted in order to simplify the formulae. The unwanted term on the right hand side (V.19) is annihilated by the Bethe equation
or equivalently,
Therefore we have shown that Ψ 1 (µ) (V.17) is the Bethe vector of the transfer matrix (V.14) corresponding to the eigenvalue Λ 1 (λ, µ) (V.20). We seek the Bethe vector Ψ 2 (µ 1 , µ 2 ) in the form
Starting from the definitions (V.14) and (V.23), using the relations (B.8), (B.9) and (B.10) to push the operators A(λ), D(λ) and C(λ) to the right and after rearranging some terms, we obtain the off shell action of transfer matrix t(λ) on
where the eigenvalue is given by
) and the two unwanted terms in (V.26) are canceled by the Bethe equations which follow from F 2 (µ i ; µ 3−i ) = 0, i. e.
(V.28) with i = {1, 2}. Therefore the Bethe equations are
where i = {1, 2}. Striking property of the Bethe vectors we have introduced so far is the simplicity of the off shell action of the transfer matrix t(λ), equations (V.19) and (V.26). Actually, the action of the transfer matrix almost coincides with the one in the case when the two boundary matrices are diagonal [6, 33] . The Bethe vector Ψ 3 (µ 1 , µ 2 , µ 3 ) we propose is a symmetric function of its arguments and it is given as the following sum of eight terms
where b
(1)
3 (µ 1 , µ 2 ; µ 3 ) and b
The action of t(λ) (V.14) on Ψ 3 (µ 1 , µ 2 , µ 3 ), obtained using evident generalization of the formulas (B.8), (B.9) and (B.10) and subsequent rearranging of terms, reads
and the three unwanted terms o the right hand side of (V.34) are canceled by the Bethe equations F 3 (µ i ; {µ j } j =i ) = 0, explicitly
with i = {1, 2, 3}, or in another form , µ 2 , µ 3 , µ 4 ) is a symmetric function of its arguments and as a sum of sixteen terms it reads
where the coefficients are given by
where S 3 and S 4 are the symmetric groups of degree 3 and 4, respectively. An analogous calculation to the one in the previous case (V.34), just bit longer, shows that the off shell action of the transfer matrix (V.14) on Ψ 4 (µ 1 , µ 2 , µ 3 , µ 4 ) is given by
and the four unwanted terms o the right hand side of (V.34) are canceled by the four Bethe equations F 4 (µ i ; {µ j } j =i ) = 0, explicitly
with i = {1, 2, 3, 4}.
We proceed to define Ψ M (µ 1 , µ 2 , . . . , µ M ) as a sum of 2 M terms, for arbitrary positive integer M, and as a symmetric function of its arguments
where S M−1 and S M are the symmetric groups of degree M-1 and M, respectively. A straightforward calculation based on evident generalization of the formulas (B.8), (B.9) and (B.10) and subsequent rearranging of terms, yields the off shell action of the transfer matrix on the Bethe vector
where the corresponding eigenvalue is given by
and the M unwanted terms o the right hand side of (V.34) are canceled by the Bethe
yield the strikingly simple expression (V.52) for the off shell action of the transfer matrix t(λ) (V.14). Actually, the action of the transfer matrix is as simple as it could possible be since it almost coincides with the one in the case when the two boundary matrices are diagonal [6, 33] . In this way we have fully implemented the algebraic Bethe ansatz for the XXX spin chain in the case when both boundary matrices have upper-triangular form (III.13) and (III.14).
VI Gaudin Model
We explore further the results obtained in the previous section on the XXX Heisenberg spin chain in the case when both boundary matrix are upper-triangular. We combine them together with the quasi-classical limit studied in [42] with the aim of implementing fully the off shell Bethe ansatz for the corresponding Gaudin model by defining the Bethe vectors and deriving its spectrum and the corresponding Bethe equations. For the study of the open Gaudin model we impose
In particular, this implies that the parameters of the reflection matrices on the left and on the right end of the chain are the same. In general, this is not the case in the study of the open spin chain. However, this condition is essential for the Gaudin model. Then we will write
so that
In [42] we have derived the generating function of the Gaudin Hamiltonians with boundary terms following Sklyanin's approach in the periodic case [21] . Our derivation is based on the quasi-classical expansion of the linear combination of the transfer matrix of the XXX chain and the central element, the so-called Sklyanin determinant. Finally, the expansion reads [42] 
where τ(λ) is the generating function of the Gaudin Hamiltonians, with upper triangular reflection matrix (VI.2),
and the Lax matrix
The Gaudin Hamiltonians with the boundary terms are obtained from the residues of the generating function (VI.5) at poles λ = ±α m :
(VI.8) and
(VI.9) Since the element ∆ [T (λ)] can be written in form (IV.10) it is evident that the vector Ω + (II.11) is its eigenvector
(VI.10)
Moreover, it follows from (V.16) and (VI.10) that Ω + (II.11) is an eigenvector of the difference
We can expand the eigenvalue on the right hand side of the equation above in powers of η
Substituting the expansion above into the right hand side of (VI.11) and using (VI.4) to expand the left hand side, it follows that the vector Ω + (II.11) is an eigenvector of the generating function of the Gaudin Hamiltonians
(VI.14)
As expected, the eigenfunction χ 0 (λ) also depends on the boundary parameters ξ, ν. In general we can obtain the spectrum χ M (λ, µ 1 , . . . , µ M ) of the generating function τ(λ) of the Gaudin Hamiltonians through the expansion
(VI.16) As our next important step toward obtaining the formulas of the algebraic Bethe ansatz for the corresponding Gaudin model we observe that the first term in the expansion of the function F M (µ 1 ; µ 2 , . . . , µ M ) in powers of η is
(VI.18)
We have used the formulas (V.17) and (V.18) as well as (V.4) and (V.13) in order to expand the Bethe vector Ψ 1 (µ) of the Heisenberg spin chain in powers of η and obtained the Bethe vector ϕ 1 (µ) of the Gaudin model
As our final step we observe that using (IV.10) and (V.19) we have the off shell action of the difference of the transfer matrix of the XXX chain and the central element, the so-called Sklyanin determinant, on the Bethe vector Ψ 1 (µ)
(VI.21)
Finally, the off shell action of the generating function the Gaudin Hamiltonians on the vector ϕ 1 (µ) can be obtained from the equation above by using the expansion (VI.4) and (VI.19) on the left hand side as well as the expansion (VI.15), (VI.17) and (VI.19) on the right hand side
Therefore ϕ 1 (µ) (VI.20) is the Bethe vector of the corresponding Gaudin model, i.e. the eigenvector of the generating function the Gaudin Hamiltonians once the unwanted term is canceled by imposing the corresponding Bethe equation
To obtain the action of the generating function τ(λ) on the Bethe vector ϕ 2 (µ 1 , µ 2 ) of the Gaudin model we follow analogous steps to the ones we have done when studding the action of τ(λ) on ϕ 1 (µ). The first term in the expansion of the Bethe vector Ψ 2 (µ 1 , µ 2 ) (V.23) in powers of η yields the corresponding Bethe vector of the Gaudin model
(VI. 25) As in the previous case (VI.21), it is of interest to study the action of the difference of the transfer matrix t(λ) and the so-called Sklyanin determinant ∆ [T (λ)] on the Bethe vector Ψ 2 (µ 1 , µ 2 ) using (IV.10) and (V.26)
The off shell action of the generating function of the Gaudin Hamiltonians on the Bethe vector ϕ 2 (µ 1 , µ 2 ) is obtained from the equation above using the expansions (VI.4) and (VI.24) on the left hand side and (VI.15), (VI.24) and (VI.17) on the right hand side. Then, by comparing the terms of the fourth power in η on both sides of (VI.26) we derive
The two unwanted terms on the right hand side of the equation above are annihilated by the following Bethe equations
The off shell action of the generating function τ(λ) on the Bethe vector ϕ 2 (µ 1 , µ 2 ) of the Gaudin model is strikingly simple (VI.27). Actually, it is as simple as it can be since (VI.27) practically coincide with the corresponding formula in the case when the boundary matrix K(λ) is diagonal [33] .
In general, we have that the first term in the expansion of the Bethe vector
and the operator F(µ) is given by
The 
) is given in (VI.16) and the unwanted terms on the right hand side of the equation above are canceled by the following Bethe equations 35) for i = 1, 2, . . . M. As expected, the above action of the generating function τ(λ) is strikingly simple and this simplicity is due to our definition of the Bethe vector
. These results will be studied further in the framework of an alternative approach to the implementation of the algebraic Bethe ansatz for the Gaudin model, with triangular triangular K-matrix (VI.2), based on the classical reflection equation and corresponding linear bracket and will be reported in [42] .
VII Conclusions
We have implemented fully the off shell algebraic Bethe ansatz for the XXX Heisenberg spin chain in the case when the boundary parameters satisfy an extra condition guaranteeing that both boundary matrices can be brought to the upper-triangular form by a single similarity matrix which does not depend on the spectral parameter. As it turned out the identity satisfied by the Lax operator enables a convenient realization for the Sklyanin monodromy matrix. This realization led to the action of the entries of the Sklyanin monodromy matrix on the vector Ω + and consequently to the observation that Ω + is an eigenvector of the transfer matrix of the chain. We have proceeded then to the essential step of the algebraic Bethe ansatz, to the definition of the Bethe vectors Ψ M (µ 1 , µ 2 , . . . , µ M ). Our objective was to make the off shell action of the transform matrix t(λ) on them as simple as possible. Before defining the general Bethe vector Ψ M (µ 1 , µ 2 , . . . , µ M ), for an arbitrary positive integer M, we gave a step by step presentation of the first four Bethe vectors, including the formulae for the action of t(λ), the corresponding eigenvalues and Bethe equations. In this way we have exposed the striking property of these vectors to make the off shell action of the transform matrix as simple as possible. Consequently, the elaborated definition of Ψ M (µ 1 , µ 2 , . . . , µ M ), for arbitrary positive integer M, appeared naturally as a generalization of the first four Bethe vectors. As expected, the action of t(λ) on the Bethe vector Ψ M (µ 1 , µ 2 , . . . , µ M ) is again very simple. Actually, the action of the transfer matrix is as simple as it could possible be since it almost coincides with the corresponding action in the case when the two boundary matrices are diagonal [6, 33] .
We explored further these results by obtaining the off shell action of the generating function of the Gaudin Hamiltonians on the corresponding Bethe vectors by means of the so-called quasi-classical limit. To study the open Gaudin model we had to impose the condition so that the parameters of the reflection matrices on the left and on the right end of the chain are the same. This is not the case in the study of the open spin chain, but is essential for the Gaudin model. The generating function of the Gaudin Hamiltonians with boundary terms is derived analogously to the periodic case [42] . Based on this result we showed how the quasi-classical limit yields the off shell action of the generating function of the Gaudin Hamiltonians on the Bethe vectors ϕ M (µ 1 , µ 2 , . . . , µ M ) as well as the spectrum and the Bethe equations. The off shell action of the generating function τ(λ) on the Bethe vectors ϕ M (µ 1 , µ 2 , . . . , µ M ) is strikingly simple. As in the case of the spin chain, it is as simple as it can be since it practically coincide with the corresponding formula in the case when the boundary matrix is diagonal [33] . This simplicity of the action of τ(λ) is due to our definition of the Bethe vectors ϕ M (µ 1 , µ 2 , . . . , µ M ) .
An important open problem is to calculate the off shell scalar product of the Bethe vectors we have defined above both for the XXX Heisenberg spin chain and the Gaudin model. These results could lead to the correlations functions for both systems. In the case of Gaudin model it would be of interest to establish a relation between Bethe vectors and solutions of the corresponding Knizhnik-Zamolodchikov, along the lines it was done in the case when the boundary matrix is diagonal [33] .
A Basic definitions
We consider the spin operators S α with α = +, −, 3 We consider a spin chain with N sites with spin s representations, i.e. a local C 2s+1 space at each site and the operators 
